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A NOTE ON THE BRAWLEY-CARLITZ THEOREM ON
IRREDUCIBILITY OF COMPOSED PRODUCTS OF
POLYNOMIALS OVER FINITE FIELDS
AKIHIRO MUNEMASA AND HIROKO NAKAMURA
Abstract. We give a new proof of the Brawley-Carlitz theorem
on irreducibility of the composed products of irreducible polyno-
mials. Our proof shows that associativity of the binary operation
for the composed product is not necessary. We then investigate
binary operations defined by polynomial functions, and give a suf-
ficient condition in terms of degrees for the requirement in the
Brawley-Carlitz theorem.
1. Introduction
For a prime power q, we denote by Fq a finite field with q elements. If
m and n are relatively prime positive integers, then the composite field
of Fqm and Fqn is Fqmn . In fact, if Fqm = Fq(α) and Fqn = Fq(β), then
Fqmn = Fq(α + β) = Fq(αβ). In other words, both α + β and αβ have
minimal polynomial of degree mn over Fq. Brawley and Carlitz gen-
eralized this fact by introducing the method of composed products in
order to construct irreducible polynomials of large degree from polyno-
mials of lower degree. A basic material of their construction is a binary
operation on a subset of Fq having certain properties, where Fq is the
algebraic closure of Fq. Let G be a non-empty subset of Fq, which
is invariant under the Frobenius map α 7→ αq. A binary operation
⋄ : G×G→ G is called a diamond product on G if
σ(α ⋄ β) = σ(α) ⋄ σ(β) (1)
holds for all α, β ∈ G. Let MG[q, x] denote the set of all monic polyno-
mials f in Fq[x] such that deg f ≥ 1, and all of the roots of f lie in G.
Let f(x) =
∏m
i=1(x − αi) and g(x) =
∏n
i=1(x − βi) be in polynomials
in MG[q, x], where α1, . . . , αm, β1, . . . , βn ∈ G. We define the composed
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product f ⋄ g as
(f ⋄ g)(x) =
m∏
i=1
n∏
j=1
(x− αi ⋄ βj).
Theorem 1.1 ([1, Theorem 2]). Let ⋄ be a diamond product on a non-
empty subset G of Fq. Suppose that (G, ⋄) is a group and let f, g be
polynomials in MG[q, x] with deg f = m and deg g = n. Then the
composed product f ⋄ g is irreducible if and only if f and g are both
irreducible with gcd(m,n) = 1.
The purpose of this paper is to give a new proof of Theorem 1.1 with
weaker hypotheses. In order to explain the weakened hypothesis, we
need a definition. For a positive integer m, let
Fm(q) = {α ∈ Fqm | Fq(α) = Fqm}.
Clearly,
Fkl(q) ⊂ Fl(q
k) (2)
for positive integers k, l.
Definition 1.2. Let ⋄ be a diamond product on a subset G ⊂ Fq
containing Fm(q)∪Fn(q). We say that ⋄ satisfies weak cancellation on
Fm(q)×Fn(q), if
α ⋄ β = α ⋄ β ′ =⇒ β = β ′, (3)
α ⋄ β = α′ ⋄ β =⇒ α = α′ (4)
for all α, α′ ∈ Fm(q) and β, β
′ ∈ Fn(q).
We will show in Section 2 that the conclusion of Theorem 1.1 holds
if ⋄ satisfies weak cancellation on Fm(q) × Fn(q). In other words,
associativity of the product ⋄ is unnecessary. In Section 3, we consider
a diamond product defined by a polynomial function, and show that
such a diamond product satisfies weak cancellation if the degree is
small (see Theorem 3.5 for details). In Section 4, the optimality of the
degree bound for weak cancellation is investigated. This leads us to
a conjecture on the existence of irreducible polynomials all of whose
coefficients except the constant term belong to the prime field.
2. The Brawley-Carlitz theorem
Throughout this paper, we let q be a prime power, and σ : Fq → Fq
denote the Frobenius map α 7→ αq. For positive integers k and r, we
denote by ordk(r) the multiplicative order of r modulo k. For a nonzero
THE BRAWLEY-CARLITZ THEOREM 3
α ∈ Fq, we denote by |α| the multiplicative order of α. Then (see, for
example, [3, Corollary 2.15]), we have, for m > 1,
Fm(q) = {α ∈ Fqm | α, σ(α), . . . , σ
m−1(α) : pairwise distinct}
= {α ∈ Fqm | {l ∈ Z | σ
l(α) = α} = mZ}
= {α ∈ Fqm | α 6= 0, ord|α|(q) = m}.
Our proof of the Brawley-Carlitz theorem relies on the following
lemma in group theory.
Lemma 2.1. Let Γ be a finite group of order mn having subgroups
M and N of order m and n, respectively. Assume Γ = M × N and
(m,n) = 1. If K is a subgroup of Γ, then K = (K ∩M)(K ∩N).
Proof. Since (m,n) = 1, there exist integers r, s such that rm+sn = 1.
Let z ∈ K. Since Γ = M ×N , there exist x ∈M and y ∈ N such that
z = xy. Then z = zsnzrm with zsn = xsn ∈ K∩M , zrm = yrm ∈ K∩N .
Since z ∈ K was arbitrary, we conclude K ⊂ (K ∩M)(K ∩N). Since
the reverse containment is obvious, we obtain the desired result. 
Theorem 2.2. Suppose G is a non-empty subset of Fq. Let ⋄ be a
diamond product on G satisfying (3) and (4). Let f, g ∈ MG[q, x],
deg f = m and deg g = n. Then the following are equivalent:
(i) f ⋄ g is irreducible in Fq[x],
(ii) f and g are irreducible in Fq[x], and gcd(m,n) = 1.
Proof. (i) =⇒ (ii). Since (f ⋄ g)(x) is irreducible, clearly f(x) and g(x)
are irreducible. Let α and β be roots of f(x) and g(x), respectively.
Then α ⋄ β is a root of (f ⋄ g)(x) which is an irreducible polynomial of
degree mn. This implies ord|α⋄β|(q) = mn. Let ℓ be the least common
multiple of m and n. Then σℓ(α ⋄ β) = σℓ(α) ⋄ σℓ(β) = α ⋄ β. Thus
ord|α⋄β|(q) divides ℓ, and hence, ℓ = mn. This implies gcd(m,n) = 1.
(ii) =⇒ (i) Let α ∈ Fm(q) and β ∈ Fn(q) are roots of f and g,
respectively, so that
f(x) =
m−1∏
i=0
(x− σi(α)),
g(x) =
n−1∏
i=0
(x− σi(β)).
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The Frobenius automorphism σ generates the group F = 〈σ〉 of order
mn acting on Fqmn . Moreover, setting
M = 〈σn〉 = {g ∈ F | g(β) = β}, (5)
N = 〈σm〉 = {g ∈ F | g(α) = α}, (6)
we have |M | = m and |N | = n, so
F = M ×N. (7)
Observe
M · α = MN · α (by (5))
= F · α (by (7))
= {σi(α) | 0 ≤ i < m}, (8)
and similarly
N · β = {σj(β) | 0 ≤ j < n}. (9)
Let
K = {g ∈ F | g(α ⋄ β) = α ⋄ β}.
Then
|F · (α ⋄ β)| = |F : K|. (10)
We claim K ∩M = K ∩N = 1. Indeed, if g ∈ K ∩M , then
α ⋄ β = g(α ⋄ β)
= g(α) ⋄ g(β) (by (1))
= g(α) ⋄ β,
so α = g(α) by (4). This implies g ∈ N . Since g ∈M and M ∩N = 1,
we conclude g = 1. This proves K ∩M = 1. Similarly, we can prove
K ∩N = 1 using (3).
Now, by Lemma 2.1, we obtainK = 1. This implies |F ·(α⋄β)| = |F |
by (10). Therefore, the polynomial
(f ⋄ g)(x) =
m−1∏
i=0
n−1∏
j=0
(x− σi(α) ⋄ σj(β))
=
∏
g∈M
∏
h∈N
(x− g(α) ⋄ h(β)) (by (8), (9))
=
∏
g∈M
∏
h∈N
(x− gh(α) ⋄ gh(β))
=
∏
g∈F
(x− g(α) ⋄ g(β)) (by (7))
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=
∏
g∈F
(x− g(α ⋄ β)) (by (1))
is irreducible over Fq. 
3. Diamond products defined by polynomial functions
Stichtenoth [5] classified associative diamond products defined by a
polynomial function, under a certain condition. As we have seen in the
previous section, associativity is irrelevant for the Brawley-Carlitz the-
orem. This prompts us to classify diamond products satisfying weak
cancellation instead. In this section, we consider diamond products de-
fined by a polynomial function, and give a sufficient condition in terms
of degrees in order that the associated diamond product satisfies weak
cancellation. It turns out that, in general, a wider class of polynomials
than those classified in [5] can be used as a diamond product.
Letm be a positive integer, and let ψ : Fm(q)→ Fm(q) be a function.
We say that ψ satisfies the restricted injectivity on Fm(q) if, for all
α ∈ Fm(q) and k ∈ Z,
ψ(α) = ψ(σk(α)) =⇒ α = σk(α). (11)
If ψ : Fm(q) → Fq is a function taking values in Fqm such that ψ
commutes with σ, then ψ(σk(α)) = σk(ψ(α)). Thus, (11) is equivalent
to
ψ(α) ∈ Fm(q). (12)
In particular, this equivalence holds when ψ is a polynomial function
with coefficients in Fq.
Lemma 3.1. Let ψ(x) ∈ Fq[x] be a polynomial with deg ψ ≥ 1. Then
for α ∈ Fq,
degψ ≥ [Fq(α) : Fq(ψ(α))].
Proof. Let ψ0(x) = ψ(x)−ψ(α) ∈ Fq(ψ(α))[x]. Then ψ0(α) = 0, so ψ0
is divisible by the minimal polynomial of α over Fq(ψ(α)). This implies
[Fq(α) : Fq(ψ(α))] ≤ degψ0
= deg ψ.

Lemma 3.2. Let m > 1 be an integer, and let m1 be the smallest prime
divisor of m. If ψ(x) ∈ Fq[x] is a monic polynomial with 0 < degψ <
m1, then the function defined by ψ satisfies the restricted injectivity on
Fm(q).
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Proof. For α ∈ Fm(q), we have
m1 > deg ψ
≥ [Fq(α) : Fq(ψ(α))] (by Lemma 3.1)
= [Fqm : Fq(ψ(α))].
Since [Fqm : Fq(ψ(α))] is a divisor of m and m1 is the smallest prime
divisor ofm, we conclude that [Fqm : Fq(ψ(α))] = 1, that is, Fq(ψ(α)) =
Fqm. This implies (12). 
Lemma 3.3. Let m1 be the smallest prime divisor of a positive integer
m > 1, and let k be an integer not divisible by m. Then for α ∈ Fm(q),
α−σk(α), α2−σk(α2), . . . , αm1−1−σk(αm1−1) are linearly independent
over Fq.
Proof. Suppose α− σk(α), α2− σk(α2), . . . , αm1−1− σk(αm1−1) are lin-
early dependent. Then there exist a1, . . . , am1−1 ∈ Fq, (a1, . . . , am1−1) 6=
(0, . . . , 0), and
m1−1∑
i=1
ai(α
i − σk(αi)) = 0.
Let
a0 =
m1−1∑
i=1
aiα
i ∈ Fqm,
f(x) =
m1−1∑
i=1
aix
i − a0 ∈ Fq(a0)[x].
Then σk(a0) = a0, so f ∈ Fqgcd(k,m) [x]. Since f(α) = 0, f is divisible by
the minimal polynomial of α over Fqgcd(k,m) . This implies
m1 > deg f
≥ [Fqgcd(k,m)(α) : Fqgcd(k,m) ]
= [Fqm : Fqgcd(k,m) ]
=
m
gcd(k,m)
.
Since m1 is the smallest prime divisor of m, we obtain gcd(k,m) = m,
that is, m | k. This is a contradiction. 
Lemma 3.4. If m and n are relatively prime positive integers, then
Fn(q) ⊂ Fn(q
m). In particular, if α ∈ Fm(q), β ∈ Fn(q), k ∈ Z and
ϕ(x, y) =
n−1∑
i=0
ψi(x)y
i ∈ Fq[x, y]
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satisfy ϕ(σk(α), β) = ϕ(α, β), then ψi(σ
k(α)) = ψi(α) for 0 ≤ i ≤ n−1.
Proof. The first part is immediate from [3, Corollary 3.47]. Since
ϕ(σk(α), β) = ϕ(α, β), we have
n−1∑
i=0
(ψi(σ
k(α))− ψi(α))β
i = 0.
Since β ∈ Fn(q) ⊂ Fn(q
m) and ψi(σ
k(α)) − ψi(α) ∈ Fqm , linear in-
dependence of 1, β, . . . , βn−1 over Fqm shows ψi(σ
k(α)) = ψi(α) for
0 ≤ i ≤ n− 1. 
Theorem 3.5. Let q be a prime power, and let m,n > 1 be relatively
prime positive integers. Suppose m1 is the smallest prime divisor of
m, n1 is the smallest prime divisor of n. Let ϕ(x, y) ∈ Fq[x, y] be
a polynomial with 0 < degx ϕ < m1 and 0 < degy ϕ < n1. Then
the diamond product on Fq defined by ϕ satisfies weak cancellation on
Fm(q)×Fn(q).
Proof. We need to show
ϕ(α, β) = ϕ(σk(α), β) =⇒ α = σk(α), (13)
ϕ(α, β) = ϕ(α, σk(β)) =⇒ β = σk(β). (14)
It suffices to show only (13), as the proof of (14) is similar. Suppose
α ∈ Fm(q), β ∈ Fn(q), k ∈ Z. Let
ϕ(x, y) =
n1−1∑
i=0
ψi(x)y
i, (15)
ψi(x) =
m1−1∑
j=0
aijx
j (0 ≤ i ≤ n1 − 1). (16)
If ϕ(α, β) = ϕ(σk(α), β), then, by Lemma 3.4, ψi(α) − ψi(σ
k(α)) = 0
for 0 ≤ i ≤ n1 − 1. This implies
m1−1∑
j=1
aij(α
j − σk(αj)) = 0 (0 ≤ i ≤ n1 − 1).
If α 6= σk(α), then k is not divisible by m. Then by Lemma 3.3,
we obtain aij = 0 for 0 ≤ i ≤ n1 − 1 and 1 ≤ j ≤ m1 − 1. This
implies degx ϕ = 0, which contradicts the assumption. Therefore, α =
σk(α). 
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4. Irreducible polynomials all of whose coefficients
except the constant term belong to the prime field
In this section, we show that the hypotheses degx ϕ < m1 and
degy ϕ < n1 in Theorem 3.5 are necessary. We believe that these upper
bounds cannot be relaxed for any prime power q and relatively prime
positive integers m and n. This leads to a conjecture on the existence
of irreducible polynomials all of whose coefficients except the constant
term belong to the prime field.
Proposition 4.1. Letm and n be relatively prime integers withm,n >
1. Letm1 and n1 be the smallest prime divisor ofm and n, respectively.
Then the following are equivalent:
(i) there exists a polynomial ϕ(x, y) ∈ Fq[x, y] with degx ϕ = m1,
0 < degy ϕ < n1, such that σ
k(α) 6= α and ϕ(σk(α), β) =
ϕ(α, β) for some α ∈ Fm(q) and β ∈ Fn(q),
(ii) there exists a polynomial ψ(x) ∈ Fq[x] with degψ = m1 which
fails to satisfy the restricted injectivity on Fm(q),
(iii) Fm/m1(q) ∩ {α
m1 +
∑m1−1
i=1 ciα
i | α ∈ Fm(q), c1, . . . , cm1−1 ∈
Fq} 6= ∅,
(iv) there exists a monic irreducible polynomial f(x) ∈ Fqm/m1 [x] of
degree m1 such that f(x)− f(0) ∈ Fq[x] and f(0) ∈ Fm/m1(q).
Proof. (i) =⇒ (ii). Let ϕ(x) be as in (15), where ψi(x) ∈ Fq[x] for
0 ≤ i ≤ n1 − 1. Then by Lemma 3.4, ψi(σ
k(α)) = ψi(α) for 0 ≤ i ≤
n1− 1. By the assumption, there exists i ∈ {0, 1, . . . , n1− 1} such that
degψi = m1, and this ψi fails to satisfy the restricted injectivity on
Fm(q).
(ii) =⇒ (iii). We may assume without loss of generality that ψ is
monic. Replacing ψ(x) by ψ(x) − ψ(0), we may further assume that
ψ(0) = 0. By the assumption, there exists α ∈ Fm(q) and k ∈ Z such
that σk(α) 6= α and ψ(σk(α)) = ψ(α). Since ψ(x) ∈ Fq[x], the latter
implies σk(ψ(α)) = ψ(α). Thus ψ(α) ∈ Fqgcd(k,m) . Since σ
k(α) 6= α, k
is not a multiple of m. This implies that Fqgcd(k,m) is a proper subfield
of Fqm. Therefore, there exists a divisor d > 1 of m such that ψ(α) ∈
Fqm/d. By Lemma 3.1, we have
m1 ≥ [Fq(α) : Fq(ψ(α))]
≥ [Fqm : Fqm/d]
= d.
Since m1 is the smallest prime divisor of m, we obtain m1 = d. This
forces Fq(ψ(α)) = Fqm/m1 , and hence ψ(α) ∈ Fm/m1(q).
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(iii) =⇒ (iv). Suppose α ∈ Fm(q), c1, . . . , cm1−1 ∈ Fq, and
c0 = α
m1 +
m1−1∑
i=1
ciα
i ∈ Fm/m1(q).
Define
f(x) = xm1 +
m1−1∑
i=1
cix
i − c0 ∈ Fqm/m1 [x].
Then f(x)− f(0) ∈ Fq[x] and f(0) = −c0 ∈ Fm/m1(q). We claim f(x)
is irreducible in Fqm/m1 [x]. Indeed, since f(α) = 0, f(x) is divisible by
the minimal polynomial of α over Fqm/m1 . On the other hand, since
Fqm/m1 (α) ⊃ Fq(α) = Fqm, the minimal polynomial of α over Fqm/m1
has degree at least [Fqm : Fqm/m1 ] = m1 = deg f . Therefore, f(x)
is the minimal polynomial of α over Fqm/m1 , and hence is irreducible
Fqm/m1 [x].
(iv) =⇒ (i). Define
k =
m
m1
,
ϕ(x, y) = (f(x)− f(0))y ∈ Fq[x, y].
Then, degx ϕ = m1, degy ϕ = 1. Let α be a root of f(x). Since f(0) =
−(f(α) − f(0)) ∈ Fq(α), we have Fq(α) = Fq(f(0), α) = Fqm/m1 (α) =
Fqm. Thus α ∈ Fm(q). Moreover, for an arbitrary β ∈ Fn(q), we have
ϕ(σk(α), β) = σk(f(α)− f(0))β
= −σk(f(0))β
= −f(0)β
= (f(α)− f(0))β
= ϕ(α, β).

Proposition 4.1 shows that hypotheses 0 < degx ϕ < m1 and 0 <
degy ϕ < n1 in Theorem 3.5 are best possible, provided that any of
the four equivalent conditions are satisfied. We conjecture that this is
always the case.
Conjecture 4.2. Let q be a prime power, and let k, l be positive in-
tegers. Then there exists a monic irreducible polynomial f(x) ∈ Fqk [x]
of degree l such that f(x)− f(0) ∈ Fq[x] and f(0) ∈ Fk(q).
Note that Conjecture 4.2 is slightly stronger than Proposition 4.1(iv)
in the sense that l is not necessarily the smallest prime divisor of kl.
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Conjecture 4.3. Let p be a prime, and let k, l be positive integers.
Then there exists a monic irreducible polynomial f(x) ∈ Fpk [x] of degree
l such that f(x)− f(0) ∈ Fp[x] and f(0) ∈ Fk(p).
Clearly, validity of Conjecture 4.2 for all prime power q implies that
of Conjecture 4.3. Conversely, suppose that Conjecture 4.3 is true.
Let q = pr, where p is a prime. Then there exists a monic irreducible
polynomial f(x) ∈ Fprk [x] of degree l such that f(x)−f(0) ∈ Fp[x] and
f(0) ∈ Frk(p). In particular, f(x) is a monic irreducible polynomial in
Fqk [x] of degree l such that f(x) − f(0) ∈ Fq[x] and f(0) ∈ Fk(q) by
(2). Therefore, the two conjectures are equivalent.
The existence problem of a monic irreducible polynomial of two pre-
scribed coefficients dates back to Carlitz [2]. See [4, Part II, Section 3.5]
for more recent work. Conjecture 4.3 is a similar but different problem,
in the sense that all coefficients except the constant term are required
to be in the prime field.
Conjecture 4.3 is trivially true for l = 1 or k = 1. Moreover, it is
true for the following special cases:
Proposition 4.4. Conjecture 4.3 is true if l = p.
Proof. It is known (see for example [2]) that there exists a ∈ Fk(p) such
that TrF
pk
(a) = 1. Then, by [3, Corollary 3.79], xl−x−a is irreducible
in Fpk [x]. 
Proposition 4.5. Let l be a positive integer each of whose prime factor
divides pk − 1. Assume further that, pk ≡ 1 (mod 4) if l ≡ 0 (mod 4).
Then Conjecture 4.3 is true.
Proof. Let a be a primitive element of Fpk . Then x
l − a is irreducible
in Fpk [x] by [3, Theorem 3.75]. 
By Propositions 4.4 and 4.5, Conjecture 4.3 is true for l = 2, or
l = 3 and k even. We have verified Conjecture 4.3 for pkl ≤ 1020 by
computer.
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